Based on Euler-Bernoulli beam theory, first, partial differential equations were established for the vibration of multiple simply supported beams subjected to moving loads. Then, integral transforms were conducted on the spatial displacement coordinate and time in the partial differential equations, and the frequency-domain response of multiple simply supported beams subjected to moving loads was obtained. Next, by conducting the corresponding inverse transforms on the displacement frequency-domain responses of multiple simply supported beams, the spatial displacement time-domain responses were obtained. Finally, to validate the analytical method reported in this paper, the dynamic response of a typical double simply supported rail-bridge beam system of high-speed railway in China subjected to a moving load was carried out. The results show that the analytical solution proposed in this paper is consistent with the results obtained from a finite element analysis, validating and rationalizing the analytical solution. Moreover, the system parameters were analyzed for the dynamic response of double simply supported rail-bridge beam system in high-speed railway subjected to a moving load with different speeds; the conclusions can be beneficial for engineering practice.
Introduction
Moving-load dynamic problems are very common in engineering and daily life [1] and have attracted much attention for decades and recently raised many engineering concerns such as the traffic comfort and safety of high-speed railway lines and new materials for mechanical and aerospace engineering. The problem of dynamic response of a structure subjected to moving loads has always been the focus in engineering practice.
For decades, the dynamic response of a single beam has been extensively investigated. Many previous studies have provided better solutions to this problem [2] [3] [4] [5] [6] , and there are also many papers on beam vibration excited by a moving mass [7] [8] [9] [10] . In the recent decades, much effort has been devoted to the analysis of dynamic response of a double-beam system, and the results are significant [11] [12] [13] [14] [15] [16] .
The free and forced vibration analyses of a double-beam system have been extensively investigated. ONISZCZUK [17, 18] reported the free vibration analysis of two parallel simply supported beams continuously joined by a Winkler elastic layer. Zhang [19] investigated the vibration and buckling of a double-beam system with identical elastic modulus under compressive axial loading on the basis of Euler-Bernoulli beam theory. The properties of free transverse vibration of the system significantly depended on the axial compressions. Similarly, Stojanović [20] studied the forced vibration and buckling of a Rayleigh and Timoshenko double-beam system continuously joined by a Winkler elastic layer under compressive axial loading, while the elastic modulus of double beam was also the same. Palmeri [21] proposed a Galerkintype state-space approach for the transverse vibrations of slender double-beam systems joined with a viscoelastic inner layer and conducted numerical applications on modal shapes, modal frequencies, and forced vibrations. Zhang [22] investigated the transverse vibration of two parallel Timoshenko beams connected by discrete springs and coupled with discontinuities by considering both free and forced vibration. Li and Hu [23] developed a semianalytical method to investigate the natural frequencies and mode shapes of a doublebeam system interconnected by a viscoelastic layer, while the modal-expansion iterated method was further applied 2 Shock and Vibration to determine the forced vibration responses of the doublebeam system. Abu-Hilal studied the dynamic response of a double-beam system traversed by a constant moving load [24] . Although the dynamic deflections of both beams were provided in analytical closed forms, the two simply supported prismatic beams should be identical. Unlike Abu-Hilal's research, Wu [25] investigated the dynamic response of a simply supported viscously damped double-beam system under moving harmonic loads; the double-beam system consisted of two finite elastic homogeneous isotropic beams, which were also identical, parallel, and connected continuously by a layer of elastic springs with viscous damping. Meanwhile, based on the double-beam theory the dynamic characteristics of a railway system have been investigated [26] [27] [28] [29] .
The dynamic responses of a triple-beam system have also intrigued many scholars' attention. Stojanović studied the stochastic stability of three elastically connected Euler beams on an elastic foundation using a perturbation approach [30] . Li developed a dynamic stiffness method for a general elastically connected three-beam system based on both Euler-Bernoulli beam theory [31] and Timoshenko beam theory [32] . A dynamic stiffness matrix was formulated from the analytical closed-form solutions of differential equations of motion of the three-beam element in free transverse vibration and then used along with the automated Muller root search algorithm to calculate the free vibration characteristics of three-beam system.
Increasing efforts have also been devoted to analyze the dynamic responses of a multiple-beam system. Rao [33] investigated the natural vibrations of elastically connected multi-Timoshenko beams. Mao [34] used the Adomian modified decomposition method (AMDM) to investigate the free vibrations of N elastically connected parallel Euler-Bernoulli beams continuously joined by a Winkler-type elastic layer, and a general solution for the free vibration problem of elastically connected beams under general boundary conditions was obtained. Stojanović developed a general procedure for the determination of natural frequencies and buckling load for a set of beam system under compressive axial load using Timoshenko and high-order shear deformation theory [35] . The set of beams were simply supported and continuously joined by a Winkler elastic layer. Kargarnovin [36] proposed a closed-form solution to study the dynamics of a composite beam with a single delamination under the action of a moving constant force; the delaminated beam was divided into four interconnected beams using the delamination limits as their boundaries. Ariaei [37] investigated the transverse dynamic response of an elastically connected multiple beam based on Timoshenko beam theory, involving a change in variables and modal analysis to decouple and solve the governing differential equations, respectively. However, the parallel beams were assumed to be identical and connected by a finite number of springs.
These studies indicate that although the moving loads problem on beam-like structure has been investigated profoundly in a way, studies on the dynamic response of a beam mainly focused on single-beam and double-beam models, and many studies have some limitations. For example, the materials and geometric properties of each beam are required to be identical, the analytic expression forms are too complex to be extended to multiple beams, and studies are lacking on the dynamic response of multiple beams with different properties subjected to moving loads. Therefore, the dynamic responses of a multiple simply supported Euler-Bernoulli beam system with elastic connection were evaluated in this study; combined with finite sin-Fourier transform and numerical Laplace transform based on Durbin transform, the spatial displacement time-domain response of a multiple simply supported beam system was obtained. Then, an analytical method developed in this study was used to calculate the dynamic response of a rail-bridge double simply supported beam system of a high-speed railway system in China subjected to a moving load, validating and rationalizing the analytical solution reported in this paper, drawing some conclusions meaningful to engineering design, and thus laying foundations for further applications of the multiple simply supported beam system in engineering.
Model of a Multiple Simply Supported Beam System Subjected to Moving Loads
The N-layer simply supported beam system is shown in Figure 1 . The length of each beam is L; the beams are connected vertically through springs evenly distributed along the beam length. Based on Euler-Bernoulli beam theory, according to the dynamic equilibrium relationship of the multiple simply supported beam system subjected to moving loads, the corresponding partial differential equations for the vibration of the system can be established as follows:
where m is the mass per unit length of the th simply supported beam, E and I are the elasticity modulus and horizontal inertia moment of the th simply supported beam, respectively, and u ( , ) is the vertical displacement response of the th simply supported beam; P 1 ( )∼P ( ) are the external loads on the multiple simply supported beam system, k is the spring stiffness between the th and + 1th simply supported beams, V is the moving speed of external loads, and is Dirac function. To solve the partial differential equations (1)- (3) of the system, integral transform methods were used in this paper. First, finite sin-Fourier Transform was conducted on spatial coordinate . Regarding 0 ≤ ≤ L, the transform can be defined as follows [38] :
where
Based on (4), finite sin-Fourier transform was conducted on (4) ( ), the quartic derivative of displacement function with respect to , and the following expression was obtained:
Considering a small deformation, the boundary condition for the simply supported beam can be described as follows:
According to the boundary conditions in (8), (7) can be simplified as follows:
Finite sin-Fourier transform with regard to spatial coordinate was conducted on the left and right sides of (1)- (3), and the following equations can be obtained:
According to the derivative theorem of Laplace transform,
where is the transformed variable corresponding to time . The initial conditions of multiple simply supported beam system can be defined as follows:
From (13) and (14), Laplace transformation on the second derivative of displacement responses of simply supported beam system with respect to time can be obtained as follows:
Laplace transformation with respect to time was conducted on the left and right sides of (10)- (12), and the following equations can be obtained after reorganizing and combining similar terms:
is the external load of frequency domain on the th simply supported beam. The vector quantities for the frequency-domain responses and external loads of frequency domain on each simply supported beam can be denoted as follows:
Therefore, (16)- (18) can be expressed as follows:
where D is the matrix with respect to × , and only the following elements are nonzero:
The frequency-domain responses {ũ * ( , )} for each beam in the multiple simply supported beam system can be obtained by solving the linear algebraic equation (21) . Finite sin-Fourier inverse transformation was conducted on the frequency-domain responses {ũ * ( , )} for the multiple simply supported beam system, and the spatial displacement responses for the multiple simply supported beam system with respect to the time-frequency domains can be obtained as follows:
Laplace inverse transform (LIT) with respect to timefrequency domain s was conducted on the left and right sides of (25) , and the spatial displacement time-domain responses for the multiple simply supported beam system can be obtained as follows:
The solving process in this paper shows that the displacement frequency-domain response function ( , ) for each beam contains the product of power function and sine function. However, with the increase in the number of layers of simply supported beam, the analytical expression of (26) becomes complex and lengthy, and it is not easy to conduct an analytical expression on it. Therefore, to effectively solve the LIT for (26) according to arbitrary numbers of beams, fast LIT (FLIT) [39] proposed by Durbin was introduced in this paper to obtain the solution. This method of numerical inverse transform can be used to solve the transform results relatively accurately. It was verified that the error boundary of this method can be set to be any arbitrarily small value, so that better computing results can be obtained even for complex expressions. The corresponding solving programs are compiled in MATLAB to solve (21)- (26) , and the spatial displacement time-domain response of different simply supported beam systems with arbitrary numbers of beams subjected to moving loads can be obtained.
Analysis of Numerical Examples

Validation of the Analytical Model.
In the first place, as an application example of a double simply supported beam system subjected to moving loads, a typical rail-bridge system of high-speed railway system in China was selected for analysis. In this system, the first simply supported beam is a rail of ballastless tracks, and the second simply supported beam is a typical simply supported bridge with a span of 32 m. The moving load acts on the first simply supported beam, and the materials of the double simply supported beam system and geometric parameters are shown as follows: 
Based on the solving programs compiled in MATLAB, the vertical deflection of rail and bridge with different positions of the moving load in the double simply supported rail-bridge system when the moving speed of external load v = 100 m/s were plotted, as shown in Figure 2 .
The results in the diagram show that the dynamic vertical deflection values for the rail and bridge in the double simply supported system subjected to moving loads reached the maximum near the mid-span (middle point of the system). The displacement time-history responses of the mid-span of first and second simply supported beams effectively reflect the maximum displacement responses of the double simply supported beam system of rail-bridge in a high-speed railway system. Hence, for the following computational analysis, the mid-span displacement responses for the double simply supported beam system were selected for analysis.
To validate the theoretical solution in this paper, ANSYS finite element software was used to conduct numerical simulation on the dynamic response of the double simply supported rail-bridge system subjected to moving loads, and the time-history responses for the mid-span displacements of the double simply supported rail-bridge system subjected to external load with different moving speeds (32 m/s and 64 m/s) were calculated. Regarding the FE model, the springs were modeled by Combin14 element in ANSYS, and the spacing between the Combin14 elements was set as 0.1m, which is a relatively small spacing, to model the continuous support between both the beams. Then, the results were compared with the theoretically calculated results, and the comparison results are shown in Figures 3 and 4 . The results show that the theoretically calculated values are consistent with the results obtained from the ANSYS finite element numerical calculation.
Next, as another validation of the theoretical solution in this paper, the dynamic responses of a quadruple beam system subjected to moving loads were calculated by theoretical analysis model, and compared with the calculation results of ANSYS finite element software. The material and geometric parameters of the quadruple simply supported beam system are as follows: 
Similar to the double-beam system's analysis, the timehistory responses for the mid-span displacements of the quadruple simply supported beam system subjected to external load with different moving speeds (32 m/s and 64 m/s) were calculated. The comparisons between the theoretically calculated results and the ANSYS finite element numerical calculation are shown in Figures 5 and 6 . The results also show that the theoretical results are consistent with the results obtained from the ANSYS finite element numerical calculation, thus validating and rationalizing this theoretical analysis model in an effective manner. Figure 7 shows the maximum dynamic deflection for the mid-span of double simply supported rail-bridge system at different load moving speeds. With the increase in load moving speeds, the effect of speed on the dynamic response of the double simply supported rail-bridge beam system shows a nonlinear relationship; a sine curve was observed instead of increasing with the increase of speed linearly. The maximum midspan deflection for the first simply supported beam shows the variation of sine curve around the amplitude of 1.02 mm. Besides, with the increase of speed, the period and amplitude of sine curve also increased. The maximum midspan deflection for the second simply supported beam also shows the variation of sine curve, but unlike the first beam, the mid-span deflection for this beam shows an overall increasing trend with the increase of speeds.
Analysis of Maximum Deflection-Loading Speed for MidSpan of Double Simply Supported Beam.
Due to the very low moment of inertia of the first beam compared to the second beam, the first beam shows hierarchical oscillations while the secondary beam does not show any local oscillations, and the mid-span deflection dynamic response of the first beam is insensitive to the speed. Relationship between maximum deflection and loading speed for mid-span of double simply supported beam with a higher I 1 value is shown in Figures 8-9 . The results show that the local oscillation of the first beam's mid-span maximum deflection reduced significantly when the moment of inertia I 1 is revalued as 100 I 1 , and there are barely no local oscillations of the first beam's mid-span maximum deflection when the moment of inertia I 1 is taken as 10 5 I 1 . Moreover, the speeds at which the mid-span deflection for the double beams reaches the peak value are the same, with the appearance of multiple points of resonance (wave crest) and points of cancellation (wave trough), as shown in Table 1 . Figures 10 and 11 show the contrast of mid-span deflection responses of the double simply supported rail-bridge beam system under different resonances and cancellation speeds. Table 1 and Figures 10-11 show that, with the increase in resonance speeds, the time-history curves of mid-span deflection dynamic response of the first beam are consistent, while the local oscillation of mid-span deflection timehistory curves of the second beam significantly reduced, the vibration period becomes longer, and the mid-span dynamic response reaches the amplitude when the moving loads act near the mid-span of double rail-bridge system. With the increase in cancellation speeds, the time-history curves of mid-span deflection dynamic response of the first beam are consistent, and when the mid-span deflection dynamic response of the second beam reaches the amplitude, the distance between the moving-load position and mid-span increases. When the load moving speed is 88.1 m/s, the midspan dynamic deflection response of the second beam reaches the amplitude while the moving loads are on the 1/3 and 2/3 positions of the beam.
Analysis of Parameter Influence of Double
Simply Supported Rail-Bridge System. Based on the analysis in the above section, further study was conducted regarding the effect of interlayer spring stiffness, beam masses, and flexural rigidities on the dynamic responses of the double simply supported rail-bridge system in this section. The moving speed of loads v = 100 m/s was taken as the example to study the effect of variation of three parameters. Figure 12 show that interlayer stiffness variation has a greater effect on the dynamic response of the first simply supported beam, and the mid-span dynamic deflection amplitude of the first simply supported beam decreased with the increase in interlayer stiffness, while the interlayer stiffness has a negligible effect on the mid-span dynamic time-history of the second simply supported beam. The reason is that, in the double simply supported rail-bridge system, the differences in the stiffness of the first and second beams are large, the flexural rigidity of the first beam is much smaller than that of the second beam, and the bending resistance of the second beam plays a leading role in the bending resistance of the entire system. Figures 13 and 14 show the effects of mass variation per unit length of the first and second beams on midspan deflection time-history for double simply supported rail-bridge system, respectively. Figure 13 shows that, under different masses of the first beam, the time-history curves of mid-span deflection dynamic response for the two simply supported beams are consistent. Therefore, the effect of mass variation of the first simply supported beam on the mid-span deflection dynamic response of the double-beam system can be neglected. Figure 14 shows that the mass variation of the second simply supported beam has a significant effect on the mid-span deflection dynamic response of both beams, when the mass per unit length of the second simply supported beam increases to four times of the original mass, the amplitudes of mid-span deflection dynamic response of the first and second simply supported beams both increase significantly, with the growth rate reaching up to 10% and 45%, respectively. Figures 15 and 16 show the effect of flexural rigidity variations of the first and second simply supported beams on the mid-span deflection time-history for double simply supported rail-bridge system. Figure 15 shows that the midspan dynamic deflection amplitude of the first simply supported beam significantly decreased with the increase in the stiffness of this beam, while the stiffness of the first beam has a smaller effect on the mid-span dynamic deflection amplitude of the second simply supported beam. Under different stiffness of the first beam, the mid-span deflection dynamic time-history curves for the second simply supported beam are consistent. Figure 16 shows that the flexural rigidity variations of the second simply supported beam have a significant effect on the mid-span deflection dynamic response of double simply supported rail-bridge system. In addition, the mid-span deflection dynamic response amplitudes of both beams significantly increased with the decrease in the flexural stiffness of second beam. In practical applications, the dynamic response of the rail-bridge system in high-speed railways can be decreased by moderately decreasing the mass of the second beam and increasing the flexural stiffness of both simply supported beams.
Conclusions
In this study, a dynamic analysis model was established for a multiple simply supported beam system subjected to moving loads; in combination of finite sin-Fourier transform and numerical Laplace transform based on Durbin transform, an analytical calculation method was developed for the spatial displacement time-domain response of a multiple simply supported beam system. The following conclusions are drawn by comparing the examples and ANSYS finite element numerical computation method:
(1) A simply supported rail-bridge system of high-speed railways with a span of 32 m in China was taken as the example, and the theoretically calculated results were compared with the results obtained from ANSYS finite element numerical calculation, validating the analytical calculation method reported in this paper.
(2) The effect of load moving speed on the dynamic response of a double simply supported rail-bridge system of high-speed railways subjected to moving loads was evaluated. The results indicate that the double simply supported railbridge system has multiple points of resonance and cancellation, which should be paid attention in engineering.
(3) For a typical double simply supported rail-bridge system of high-speed railway in China, because of a large difference in the flexural rigidity of the first and second beams, the variation in interlayer stiffness mainly affects the dynamic response of the first simply supported beam, exhibiting a positive correlation. When the mass and flexural stiffness parameters of first simply supported beam vary, they mainly affect the dynamic response of this layer of simply supported beam but slightly affect the dynamic response of second simply supported beam. The variation in the parameters of second simply supported beam has a greater effect on the double simply supported beam system, and a decrease in the mass of this layer of simply supported beam and an increase in the flexural rigidity of this beam can both decrease the dynamic response of the double simply supported rail-bridge system.
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